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A b s t r a c t  
We c o n s i d e r  t h e  problem of  de te rmin ing  t h e  f r e e  s u r f a c e  of a  l i q u i d  i n  a  c a p i l l a r y  tube ,  
and of a  l i q u i d  d rop ,  s i t t i n g  f i r s t  on a  h o r i z o n t a l  p lane  and then  on more ger iera l  s u r f a c e s .  
With some m o d i f i c a t i o n s ,  t h e  method a p p l i e s  t o  t h e  s tudy  of pendent d rops  and of r o t a t i n g  
d r o p s  as w e l l .  
I n t r o d u c t i o n  
S e v e r a l  c a p i l l a r i t y  phenomena, such a s  t h e  r i s e  of  water  i n  t u b e s  of narrow bore ,  and t h e  
fo rmat ion  of l i q u i d  d rops  o r  bubbles ,  can  conven ien t ly  be  s t u d i e d  from t h e  g e n e r a l  p o i n t  of 
view of  t h e  Ca lcu lus  of V a r i a t i o n s .  Such a  p o s s i b i l i t y ,  which c l e a r l y  o r i g i n a t e s  i n  t h e  
energy-minimizing c h a r a c t e r  of t h e  observed e q u i l i b r i u m  c o n f i g u r a t i o n s ,  has  t h e  remarkable 
advantage of providing a  u n i f i e d  t r e a t m a n t  of t h e  mathemat ical  q u e s t i o n s  t h a t  a r i s e  i n  a 
v a r i e t y  of p a r t i c u l a r  phenomena. 
By us ing  a well-known argument, Sased on t h e  p r i n c i p l e  of  v i r t u a l  work, one i s  l e d  t o  a 
v a r i a t i o n a l  fo rmula t ion  of t h e  p h y s i c a l  problem, i n  which a  c e r t a i n  f u n c t i o n a l  ( r e p r e s e n t i n g  
t h e  g l o b a l  energy o f  t h e  system under c o n s i d e r a t i o n )  has  t o  be minimized, s u b j e c t  t o  some 
" n a t u r a l "  c o n s t r a i n t s ,  such a s  p r e s c r i b e d  boundary c o n d i t i o n s  o r  f i x e d  volume c o n s t r a i n t s .  
I n  g e n e r a l ,  t h e  energy f u n c t i o n a l  w i l l  c o n s i s t  of a  " s u r f a c e  i n t e g r a l "  p l u s  a "volume i n t e -  
g r a l " :  t h e  l a t t e r  cor responds  t o  body f o r c e s ,  of which g r a v i t y  i s  a t y p i c a l  r e p r e s e n t a t i v e ,  
w h i l e  t h e  former r e s u l t s , f o r  example,from t h e  c o n s i d e r a t i o n  of t h e  f o r c e s  a c t i n g  on t h e  
s u r f a c e  of  s e p a r a t i o n  between t h e  l i q u i d  and t h e  g a s  surrounding it. 
Now, t h e  p o i n t  is, t h a t  t h e  c l a s s i c a l  d e f i n i t i o n  of " s u r f a c e  a r e a "  i s  r a t h e r  inadequate  
f o r  t r e a t i n g  t h i s  type  of problem, mainly  because it a p p l i e s  t o  smooth o r  L i p s c h i t z - c o n t i -  
nuous s u r f a c e s  on ly  - a  c l a s s  which is  n o t  c l o s e d  under t h e  u s u a l  l i m i t  o p e r a t i o n s .  
The d i f f i c u l t i e s  a r i s i n g  from t h e  p resence  of a  s u r f a c e  i n t e g r a l  become even more e v i -  
d e n t  when compared w i t h  t h e  r e l a t i v e l y  s imple  t r eh tment  of t h e  corresponding volume 
i n t e g r a l ,  which is g e n e r a l l y  we l l -de f ined  on measurable s e t s  and en joys  ( a t  l e a s t  i n  t h e  
s i m p l e s t  c a s e s )  n i c e  v a r i a t i o n a l  p r o p e r t i e s .  
A s a t i s f a c t o r y  theory  of s u r f a c e  a r e a  f o r  a  g e n e r a l  c l a s s  of  s u r f a c e s  of codimension one 
i n  Rn,  n  2 2 , has  been developed by E .  De G i o r g i  i n  t h e  f i f t i e s . '  I t  i s  a  remarkable f a c t  
t h a t  some c l a s s i c a l  quest ions ,cor ,cerning t h e  e x i s t e n c e  and r e g u l a r i t y  of c a p i l l a r y  s u r f a c e s ,  
have been answered on ly  q u i t e  r e c e n t l y ,  us ing  t h e  v a r i a t i o n a l  t echn iques  in t roduced  by De 
G i o r g i ,  o r  even more g e n e r a l  methods p e r t a i n i n g  t o  t h e  f i e l d  of  Geometric Measure Theory.' 
The d e f i n i t i o n  of  " f u n c t i o n s  of Bounded V a r i a t i o n " ,  t o g e t h e r  w i t h  t h e  main r e s u l t s  of  
t h e  corresponding BV-functions theory ,  w i l l  be r e c a l l e d  i n  t h e  nex t  s e c t i o n .  A s  a  f i r s t  
a p p l i c a t i o n  of t h e  theory ,  we - ,hal l  d i s c u s s  i n  s e c t i o n  2 t h e  " s tandard"  c a p i l l a r y  problem, 
i . e .  t h e  d e t e r m i n a t i o n  of t h e  f r e e  s u r f a c e  of a  l i q u i d  i n  a  t h i n  t u b e  of g e n e r a l  c r o s s  
s e c t i o n ,  which r e s u l t s  from t h e  s imul taneous a c t i o n  of s u r f a c e  t e n s i o n ,  boundary adhesion 
and g r a v i t y .  I t  t u r n s  o u t  t h a t  i n  t h i s  c a s e  t h e  e x i s t e n c e  of t h e  s o l u t i o n  s u r f a c e  depends 
h e a v i l y  on t h e  v a i l d i t y  'of a  s imple  geometric c o n d i t i o n  abou t  t h e  mean c u r v a t u r e  of  t h e  
boundary curve  of t h e  c r o s s  s e c t i o n  of t h e  c a p i l l a r y  tq ibe .  Some p a r t i c u l a r  examples of  
p h y s i c a l  i n t e r e s t  w i l l  a l s o  be d i s c u s s e d .  
S e c t i o n  3 is devoted t o  t h e  s t u d y  of l i q u i d  d r o p s ,  s i t t i n g  on, o r  hanging from, a  f i x e d  
h o r i z o n t a l  p lane .  The symmetry of t h e  s o l u t i o n s  (which c a n  a c t u a l l y  be proved,  a s  a  conse-  
quence of a  g e n e r a l  symmetr izat ion argument) now p l a y s  t h e  c h i e f  r o l e  i n  d e r i v i n g  bo th  t h e  
e x i s t e n c e  and t h e  r e g u l a r i t y  of energy-minimizing ccnf igurat ions .When symmetry f a i l s  ( t h i s  
i s  t h e  case ,  f o r  exarnple,when t h e  " c o n t a c t  a n g l e "  between t h e  d r o p  and t h e  p l a t e  is n o t  
c o n s t a n t ,  o r  when t h e  suppor t ing  s u r f a c e  is n o t  i t s e l f  symmetr ic) ,  then  more s o p h i s t i c a t e d  
methods must be used. Ex tens ions  i n  t h i s  d i r e c t i o n  w i l l  be  o u t l i n e d  i n  s e c t i o n  4 .  
We r e f e r  t o  t h e  papers  l i s t e d  i n  t h e  ( f a i r l y  incomplete)  b i b l i o g r a p h y  a t  t h e  end of t h e  
p r e s e n t  paper f o r  a  deeper  t r e a t m e n t  of t h e  s u b j e c t ,  a s  w e l l  a s  f o r  t h e  d i s c u s s i o n  of 
r e l a t e d  problems. 
Func t ions  of bounded v a r i a t i o n  
Given a n  open s u b s e t  R of Etn , n 2 2 ,  w e  deno te  by B V ( R )  t h e  f u n c t i o n  space of Le- 
besgue i n t e g r a b l e  f u n c t i o n s  f  over  $ 2 ,  whose d i s t r i b u t i o n a l  g r a d i e n t  Df is  a  v e c t o r  
measure w i t h  f i n i t e  t o t a l  v a r i a t i o n  on R ; AID£\  w i l l  deno te  t h e  t o t a l  v a r i a t i o n  of  t h e  
measure Df , eva lua ted  a t  A C  i-i . 
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When A is open we o b t a i n :  
As a  f i r s t  r e s u l t  we c a n  p rove  t h e  lower s e m i c o n t i n u i t y  o f  t h e  map f + f l ~ f l  , w i t h  
r e s p e c t  t o  t.he l o c a l  convergence  o n  R ; t h a t  i s ,  i f  f ,  t BV(R) f o r  e v e r y  j and 
l i m  I f . - f l d x  = 0 I j-c+m 7 
A 
f o r  e v e r y  A c; R i . .  A  open and bounded w i t h  c R ) ,  t hen :  
J l D i l  5 l i m i n f  i l D f j l  . 
5-i j++- 
Fur the rmore ,  we have  t h e  f o l l o w i n g  compactness  p r o p e r t y :  i f  f j  6 B V ( R )  , and f o r  e v e r y  
A c c  2 and f o r  e v e r y  j it h o l d s  
w i t h  c ( A )  independent  o f  j  , t h e n  t h e r e  e x i s t s  a  subsequence  o f  I f j ]  , l o c a l l y  conve r -  
g i n g  i n  i2 t o  some l i m i t  Cunct ion  f  . 
I f  f 6 B V ( C )  and R h a s  a L i p s c h i t z - c o n t i n u o u s  boundary a R  , t h e n  w e  c a n  d e f i n e  t h e  
" t r a c e "  of f  on aR (st i l l  deno ted  by f  1 ,  which i s  sununable on  a R  and s a t i s f i e s 4  
where L  ( t h e  L i p s c h i t z  c o n s t a n t  o f  32 ) and c ( n )  depend o n l y  o n  t h e  geometry of R b u t  
n o t  on  f  . 
By s p e c i a l i z i n g  t h e  above d e f i n i t i o n s  and p r o p e r t i e s  t o  t h e  c a s e  when f  is  t h e  c h a r a c -  
t e r i s t i c  f u n c t i o n  Q E  of a  measu rab le  set E  c R , w e  g e t  a  p a r a l l e l  t h e o r y  o f  sets o f  
f i n i t e  p e r i m e t e r ,  where by d e f i r ' t i o n :  
" p e r i m e t e r  o f  E i n  0'' = ' I D @ ,  / j 
n 
A s t r a i g h t f o r w a r d  a p p l i c a t i o n  of t h e  Gauss-Green theorem shows t h a t  t h i s  q u a n t i t y  c o i n -  
c i d e s  w i t h  t h e  a r e a  o f  2E n R , a t  l e a s t  when aE i s  a  smooth ( n - 1 ) - d i n e n s i o n a l  s u r f a c e  
i n  i: . The c o n n e c t i o n  between BV-functions and s e t s  o f  f i n i t e  p e r i m e t e r  is g i v e n  by t h e  
c o a r e a  formula :  
where f  c B l j ( i l )  and F  = Ix  cS1 : f ; x )  < t ) . '  
Moreover , i f  E = f ( x , t )  : x  E R ,  t < f  (x )  1 , t h e n  it. h o l d s  
where t h e  second i n t e g r a l  r e p r e s e n t s  t h e  t o t a l  v a r i a t i o n  on fi of t h e  v e c t o r  measure ,  whose 
n +  1  components a r e  r e s p e c t i v e l y  t h e  Lebesgue measure  on lRn , and t h e  d i s t r i b u t i o n  
d e r i v a t i v e s  Dl£, i = l ,  ..., n  . When f  is L i p s c h i t z - c o n t i n u o u s  on  R , t h i s  y i e l d s  o f  
c o u r s e  t h e  a r e a  o f  t h e  g r a p h  o f  f  o v e r  D . 
C a p i l l a r y  s u r f a c e s  i n  c y l i n d r i c a l  v e r t i c a l  t u b e s  
L e t  u s  c o n s i d e r  a  c a p i l l a r y  t u b e ,  open a t  b o t h  ends  and p a r t i a l l y  immersed i n t o  a  l i q u i d ;  
f o r  s i n p l i c i t y ,  we may assume t h a t  t h e  l i q u i d  r i s e s  i n  t h e  t u b e ,  s o  t h a t  - i n  view o f  t h e  
p reced ing  d i s c u s s i o n  - t h e  ene rgy  c o r r e s p o n d i n g  t o  a c e r t a i n  c o n f i g u r a t i o n  o f  t h e  l i q u i d  
w i t h i n  t h e  t u b e ,  d e s c r i b e d  by t h e  g r a p h  a f u n c t i o n  f  , 0 , c a n  b e  e x p r e s s e d  a s  
Here, I! (open and bounded i n  IR* , w i t h  L i p s c h i t z  boundary a R  ) d e n o t e s  t h e  c r o s s  
s e c t i o n  o f  t h e  t u b e ,  f i i j V ( 1 1 )  and , a r e  p h y s i c a l  c o n s t a n t s ,  w i t h  K ' 0 and 0  < ~ 5 1 .  
I t  is  e a s i l y  s e e n  t h a t  f  5 0 is t h e  t r i v i a l  s o l u t i o n  of ' f(.) -+ min , when v 5 0 , w h i l e  
i n f  :+!(.! = -- when 1, ' 1 , 
We c a n  immedia te ly  check t h a t  a  c o n f i g u r a t i o n  of minimal ene rgy  ( i . e . ,  a  s o l u t i o n  t o  t h e  
problem I ( - )  -+ min ) s a t i s f i e s  t h e  e q u a t i o n s  
D f  
where Tf = -- - -  r and n ( x , y )  + n o t e s  t h e  outward  u n i t  normal t o  312 a t  ( x , y )  . 
.'I + / 2 f  12 
T h i s  is t r u e  i f ,  f o r  example,  i s  of c l a s s  C '  and f  e c2  (5:) n C' . 
T h i s  way, we r e a l i z e  t h a t  t h e  nrrarr c u r v a t u r e  of a c a p i l l a r y  s u r f a c e  is,  a t  any  p o i n t  
( x ,  y ,  i ( x ,  y )  ) t 12 \IR , p r o p o r t i o n a l  ( ; ~ i t h  c o n s t a n t  K ) t o  i t s  h e i g h t  above t h e  r e f e r e n c e  
p l a n e  z  = 0  , and t!lat c o r r e s p o n d s  t o  t h e  c o s i n e  o f  t h e  c o n t a c t  a n g l e  between t h e  s u r -  
f a c e  and t h e  w a l l s  of  t h e  tube .  
The c l a s s i c a l  approach c o n s i s t e d  i n  s o l v i n g  t h e  above sys tem o f  e a t i o n s  i n  t h e  s p e c i a l  
c a s e  when i: was a d i s c  o f  r a d l u s  R , and f  = f  ( r ) ,  r = (x2 + y21qY2 ( a x i a l l y  symmetric 
s o l u t i o n s ) .  I n  t h i s  c a s e ,  one  i s  l e d  t o  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  
I ift \ = ~ r f ( r )  f o r  0  .. r . 
/ 7 -  
\ , ( I  + f ; ,  
w l t h  t h e  boundary c o r . d i t i o n s :  f r ( 0 )  = 0 ,  f r ( R )  = (1-v2)'1/2 . 
I n  o r d e r  t o  p rove  t h e  e x i s t e n c e  of a  s o l u t i o n  f  t o  t h e  problem y(.) -+ min , w e  make 
t h e  f o l l o w i n g  assumpt.ion on t h e  domain f: :" 
f o r  e v e r y  E L- I: , w l t h  I 1  and 6 ' 0  . From ( 4 )  and t h e  c o a r e a  formula  ( 2 )  we g e t  
f o r  eve ry  f  s BV(i:) w i t h  f _'_ 0 . By i n t r o d u c i n g  t h i s  l a s t  i n e q u a l i t y  i n  ( 3 )  we f i n d :  
where 1 d e n o t e s  t h e  Lebesgue measure of i: . I n  p a r t i c u l a r ,  i f  v - l / u  w e  o b t a i n  
inf  , / ( . )  1 - v 2 t q 2 /  1 2 ,  /, , w n i l e  i f  \ I  I / ( ,  , t h e n  f o r  any nkinimizing sequence  f ,  , s a t i s f y -  
ing  <-{(£ ,) + i n £  '7( . )  , w e  o b t a i n :  
so t h a t ,  i n  v iew of  t h e  r e s u l t s  i n  s e c t i o n  1 ,  w e  c o n c l u d e  t h a t  a  subsequence  o f  ( f . 1  con- 
v e r g e s  t o  a f u n c t i o n  f  , which c l e a r l y  s o l v e s  o u r  problem; a s  a  consequence  of  t i e  s t r i c t  
c o n v e x i t y  o f  t h e  ene rgy  f u n c t i o n a l ,  such  a  s o l u t i o n  i s  i n  f a c t  un ique .  
The h y p o t h e s i s  ( 4 )  now comes i n t o  d i c c u s s i n r :  c l e a r l y ,  it is i m p l i e d  by t h e  t r a c e  es t i -  
ma te  ( I ) ,  s a  t h a t  c a p i l l a r y  s u r f a c e s  a lways  e x i s t  f o r  \ I  i n  t h e  r a n g e  0 i v < (1+L2)'* , 
w i t h  L = L i p s c h i t z  c o n s t a n t  o f  an ;' t h a t  t h i s  is i n  fa:t*an "a lmos t  n e c e s s a r y "  c o n d i t i o n  
c a n  e a s i l y  b e  s e e n  w i t h  t h e  a i d  o f  some s i m p l e  examples.  For  a  domain il i n  t h e  form o f  
a  c i r c u l a r  s e c t o r ,  no s o l u t i o n  w i t h  bounded e n e r g y  c a n  e x i s t  when v ? ( 1 + ~ ' ) ' ~ :  ( t h a t  is, 
when 0 + 2 y  i n , where R i s  t h e  a n g l e  of  t h e  s e c t o r  and  y is t h e  c o n t a c t  a n g l e ) .  The 
d i s c o n t i n u i t y  a t  tl + 6 2 )  = n is a l s o  con f i rmed  by p h y s i c a l  e ~ p e r i m e ~ ~ t s . '  
On t h e  o t h e r  hand,  i n t e r i o r  c o r n e r s  d o  n o t  a f f e c t  t h e  s o l u t i o n :  i n  t h e  s p e c i a l  case when 
1 s a t i s f i e s  a n  I n t e r n a l  S p h e r e  C o n d i t i o n  of  r a d i u s  R ' 0 ( i . e . ,  when e a c h  p o i n t  i n  $1 
b e l o n g s  t o  some b a l l  BR c 52 ) ,  t h e n  ( 4 )  h o l d s  w i t h  a = 1 , and it c a n  b e  shown, by u s i n g  
a r e s u l t  of  Concus and F inn , '  t h a t  t h e  s o l u t i o n  e x i s t s  f o r  e v e r y  v w i t h  0 d 5 1 . 
I n  c o n c l u s i o n ,  we remark t h a t  t h e  v a r i a t i o 7 a l  method d o e s  n o t  work when h = O , i.e. i n  
t h e  a b s e n c e  of  g r a v i t y :  one  c a n  a c t u a l l y  show t h a t  t h e  s o l u t i o n s  f ,  , c o r r e s p o n d i n g  t o  
v a l u e s  t, \ 0 , g o  un i fo rmly  t o  +m i n  j: , a s  I; -+ 0 +  . 
S e s s i l e  d r o p s  and pendent  d r o p s  
The e n e r g y  of  a l i q u i d  d r o p ,  s i t t i n g  o n  t h e  h o r i z o n t a l  p l a n e  ( z = 0 )  i n  IR' , c a n  b e  
w r i t t e n  i n  t h e  f o l l o w i n g  way: 
where  E d e n o t e s  t h e  r e g i o n  o f  t h e  h a l f - s p a c e  {z ? 0 )  o c c u p i e d  by t h e  l i q u i d .  The f i r s t  
i n t e g r a l  i n  ( 5 )  r e p r e s e n t s  t h e  a r e a  o f  t h e  f r e e  boundary o f  t h e  d r o p ,  t h e  second i n t e g r a l  
g i v e s  t h e  a r e a  of  t h e  r e g i o n  o f  c o n t a c t ,  and t h e  t h i r d  i n t e g r a l  c o r r e s p o n d s  t o  g r a v i t y .  A s  
u s u a l ,  w e  a:;sume ' 0 and 1' t ( -1 ,13  , s i n c e  f o r  = -1 no s o l u t i o n  c a n  o c c u r .  The 
same f u n c t i c n a l ,  w i t h  K . 0 , r e p r e s e n t s  t h e  ene rgy  of a  penden t  d r o p ;  i n  b o t h  c a s e s ,  a  
volume c o n s t r a i n t  h a s  t y o b e  imposec?, namely I E I  = v ' 0 . 
Now, i t  c a n  be shown t h a t  by r e p l a c i n g  e a c h  h o r i z o n t a l  s e c t i o n  o f  a  g i v e n  c o n f i g u r a t i o n  
E by a  d i s c  of  t h e  same a r e a ,  c e n t e r e d  o n  t h e  z - a x i s ,  a  new c o n f i g u r a t i o n  E' r e s u l t s ,  
which is  of  l e s s  ene rgy  t h a n  E ( i n  f a c t ,  '7, LE) = ,?K ( E ' )  i f f  E  i s  a l r e a d y  a x i a l l y  
symmet r i c ) .  
From t h i s  f a c t ,  hy u s i n g  t h e  o b v i o u s  e s t i m a t e  
which i m p l i e s  
f o r  e v e r y  E , i f  k \ 0 , one  g e t s  e a s i l y  t h e  e x i s t e n c e  o f  a  minimum of  ' y h ( O  , when 
2 0 . On t h e  o t h e r  hand,  when ' 0 t h e  s i t u a t i o n  is  c o m p l e t e l y  d i f f e r e n t ,  and  w e  c a n  
look  o n l y  f o r  l o c a l  s o l u t i o n s  o f  '?, ( - 1  -' min , s i n c e  c l e a r l y  i n f  '7, ( . )  = -" i n  t h i s  c a s e .  
To t h i s  a im,  r e  i n t r o d u c e  t-he f  l l owing  d e f i n i t i o n :  E  i s  a  l o c a l  minimum of  t h e  e n e r g y  
f u n c t i o n a l  La pendent  d r o p )  i f  I E P  = v , and t h e r e  e x i s t  T ' 0 a n  a c 0 1 )  such  t h a t ,  
E is c o n t a i n e d  i n  t h e  r e g i o n  0  ( z <  TI a n d ,  f o r  e v e r y  F  0  z T w i t h  
 IF^ = v ,  
t h e r e  h o l d s  *-Jk (El 5 , -&(F)  . 
I n  o r d e r  t o  p rove  t h e  e x i s t e n c e  o f  pendent  d r o p s ,  w e  s t a r t  by o b s e r v i n g  t h a t ,  when , = O 
( t h a t  i s ,  i n  t h e  a b s e n c e  o f  g r a v i t y ) ,  t h e  mlnimum Eo o f  ) i s  a p o r t i o n  o f  a  b a l l ,  
c o m p l e t e l y  de t e rmined  from t h e  d a t a  v  and v . With t h i s  i n  mind,  w e  choo:e T g r e a t e r  
t h a n  t h e  maximum h e i g h t  o f  Eo and f i n d  t h e  s o l u t i o n  E, o f  t h e  problem '+,(.) + min , 
r e s t r i c t e d  t o  t h e  con£ i g u r a t i o n s  E c 10 < z c T )  . 
An e a s y  c a l c u l a t i o n  shows t h a t  Ek + Eo a s  K + 0 a .  ' a s  a  consequence  of g e n e r a l  
r e s u l t s  c o n c e r n i n g  t h e  conve rgence  of  s u r f a c e s  o f  p r e s c r i b e d  mean c u r v a t u r e ,  w e  g e t  t h a t  f o r  
s m a l l  enough,  t h e  s o l u t i o n  Eh is  a c t u a l l y  c o n t a i n e d  i n  ( 0  z  a ~ )  f o r  a  s u i t a b l e  
t 0 ,  , t h u s  c o n c l u d i n g  t h e  proof  o f  t h e  e x i s t e n c e  of  pendent  d r  p  o f  g i v e n  volume, i n  
a weak gr:vi tat ional  f i e l d .  E s t i m a t e s  on  t h e  e f f e c t i v e  s m a l l n e s s  o f  7 ~ 7  a r e  a l s o  e x p l i c i -  
t l y  known. 
For example,  ~ i u s t i ' :  showed t h a t  penden t  d r o p s  e x i s t ,  i f  t h e  p r o d u c t  1 h v d o e s  n o t  
exceed a  c o n s t a n t ,  which c a n  b e  w r i t t e n  dawn e x p l i c i t l y , a n d  wh;ch depends  on1  o n  t h e  v a l u e  
o f  t h e  c o n t a c t  a n g l e  between t h e  f r e e  s u r f a c e  o f  t h e  d r o p  and  t h e  p l a n e  (z=o? . 
Concluding  commczs  
The r e g u l a r i t y  ( a n a l y t i c i t y )  o f  t h e  e q u i l i b r i u m  s u r f a c e  o f  a  l i q u i d  i n  a  c a p i l l a r y  t u b e  
c a n  be  d e r i v e d  from g e n e r a l  r e g u l a r i t y  r e s u l t s  f o r  h y p e r s u r f a c e s  o f  l e a s t  a r e a  o r ,  more ge -  
n e r a l l y ,  o f  p r e s c r i b e d  mean c u r v a t u r e  i n  1Rn.l' The boundary  b e h a v i o u r  o f  t h e  s o l u t i o n s  
h a s  a l s o  been  s t u d i e d ,  and  s e v e r a l  r e s u l t s  i n  t h i s  d i r e c t i o n  a r e  p r e s e n t l y  known.14 
A s  f a r  a s  t h e  r e g u l a r i t y  3f  l i q u i d  d r o p s  is conce rned ,  w e  n o t e  f i r s t l y  t h a t  t h e  f r e e  
s u r f a c e  o f  a  d r o p  s i t t i n g  o n  a  h o r i z o n t a l  p l a n e ,  b e i n g  r o t a t i o n a l l y  symmetr ic ,  c a n  a l s o  b e  
d e s c r i b e d  ( l o c a l l y )  a s  t h e  g r a p h  o f  a s u i t a b l e  f u n c t i o n  f  , d e f i n e d  on a  2-dimensional 
domain. I t  t u r r s  o u t  t h a t  f  m in imizes  a  f u n c t i o n a l  o f  t h e  t y p e :  
g r a v i t y  + X f  I 
where t h e  Lagrange  m u l t i p l i e r  t a k e s  i n t o  a c c o u n t  t h e  volume c o n s t y p i n t .  From t h i s ,  t h e  
i n t e r i o r  a n a l y t i c i t y  of t h e  f r e e  s u r f a c e  o f  t h e  d r o p  f o l l o w s  a t  once .  
Second ly ,  it fd n o t  d i f f i c u l t  t o  p r o v e  t h a t  t h e  c o n f i q u r a t i o n  r e p r e s e n t i n g  a sessile d r o p  
i s  a  convex set .  We t h e n  c o n c l u d e  t h a t  i t s  f r e e  s u r f a c e  i s  i n  f a c t  smooth u p  t o  t h e  p l a n e  
{ z  = 01 , and t h a t  t h e  c o s i n e  of  t h e  c o n t a c t  a n g l e  c o i n c i d e s  w i t h  \J . 
Much more d i f f i c u l t  i s  t h e  s t u d y  of  l i q u i d  d r o p s ,  when symmetry c e a s e s  t o  e x i s t .  However, 
some p a r t i a l  r e s u l t s  have  r e c e n t l y  been  o b t a i n e d ,  such  a s  t h e  e x i s t e n c e  and r e g u l a r i t y  o f  
so , lu t ions ,  c o r r e s p o n d i n g  t o  d r o p s  s i t t i p g  gnl,!or hanging  from) a  s u r f a c e  z  = $ ( x , y )  i n  
IR , s a t i s f y i n g  r + f o r  r = ( x - + y L )  -+ +" . From t h i s  "growth c o n d i t i o n  a t  i n f i n i -  
t y " ,  which however is n o t  s a t i s f i e d  i n  a  number o f  i n t e r e s t i n g  and s t i l l  open s i t u a t i o n s ,  
t h e  n e c e s s a r y  compactness  r e s u l t s  c a n  e a s i l y  b e  d e r i v e d . "  
A theorem,  which e x t e n d s  t o  minima o f  a r e a - l i k e  f u n c t i o n a l s ,  s u b j e c t  t o  a  volume con- 
s t r a i n t ,  t h e  r e g u l a r i t y  t h e o r y  f o r  minimal b o u n d a r i e s ,  is now a v a i l a b l e .  '7118 A t e c h n i q u e ,  
deve loped  i n  c o n n e c t i o n  w i t h  i t s  p r o o f ,  c a n  a l s o  b e  used  t o  p r o v e  t h e  e x i s t e n c e  o f  l i q u i d  
d r o p s ,  i n  r o t a t i o n  around a n  a x i s  t h rough  t h e  c e n t e r  o f  mass ,  and h e l d  t o g e t h e r  by s u r f a c e  
t e n s i o n .  
I n  i t s  s i m p l e s t  f o r m u l a t i o n ,  t h e  problem a s k s  f o r  a  l o c a l  minimum of  t h e  f u n c t i o n a l  
s u b j e c t  t o  a  volume c o n s t r a i n t  ( / E l  = 1)  and t o  a  f u r t h e r  c o n s t r a i n t  a b o u t  t h e  c e n t e r  o f  
mass (which  must  c o i n c i d e  w i t h  t h e  o r i g i n  o f  t h e  s p a c e ) .  
The p r e s e n c e  of  t h e  k i n e t i c  e n e r g y  e x c l u d e s ,  i n  g e n e r a l ,  t h e  symmetry of  ::ie s o l u t i o n s .  
Anyway, f o l l o w i n g  t h e  t r e a t m e n t  of  t h e  pendent  d r o p  problem, one  c a n  show" t h e  e x i s t e n c e  o f  
r e l a t i v e  minima of  t h e  Lnergy funct l .ona1,  when o is s m a l l  enough,  t h a t  is,  when t h e  r o t a -  
t i o n  is s u f f i c i e n t l y  slow. 
The proof of t h i s  r e s u l t ,  which c a n  o n l y  be  o u t l i n e d  h e r e ,  p roceeds  a s  f o l l o w s :  f i r s t l y ,  
w e  d e f i n e  E t o  be a  l o c a l  minimum of Lhe ene rgy  f u n c t i o n a l  (6), i F  t h e r e  e x i s t s  
R Ro = ( 3 / ' 4 n )  'I' such  t h a t  E c c  CR and ,  f o r  e v e r y  a d m i s s i b l e  F cc CR , s a t i s f y i n g  t h e  
above  c o n s t r a i n t s ,  i t  h o l d s  7 (E)  '. r3,(F! . 
Here ,  CR d e n o t e s  t h e  cylin!r iuai  container 
Then, we c a n  e a s i l y  p rove  t h a t  f o r  e v e r y  w 2 0, and e v e r y  R -\ R o t  t h e r e  e s i s t s  a  s o l u -  
t i o n  E, t o  t h e  problem '1, ( E )  -. min , r e s t r i c t e d  t o  t h e  a d m i s s i b l e  c o n f i g u r a t i o n s  E c CR . 
Such a  s o l u t i o n ,  however, w i l l  n o t  g e n e r a l l y  s a t i s f y  t h e  c o n d i t i o n  E,cc C R  f o r  a  l o c a l  
minimum. 
Next,  w e  o b s e r v e  t h a t  f o r  a  f i x e d  R R o  , t h e  s o l u t i o n s  E, w e  have  found i n  t h i s  way, 
conve rge ,  a s  - 0+ , t o  t h e  ~TE, = { ( x , y , z ) : x 2 + y 2 + z '  R;? ccCR . The l o c a l  conve r -  
g e n c e  E, - Eo i s  u n f o r t u n a t e l y  t o o  weak t o  c o n c l u d e  t h a t  E,cc CR f o r  w s m a l l  enough.  
But w e  c a n  p rove ,  and  t h i s  i s  a c t u a l l y  t h e  c r u c i a l  p o i n t  of t h e  e n t i r e  d e m o n s t r a t i o n ,  t h a t  
i f  i s  s u f f i c i e n t l y  s m a l l  (and  p o s i t i v e ) ,  t h e n  t h e r e  e x i s t s  a  v a l u e  r c ( R o , R )  s u c h  t h a t  
From t h i s  r e s u l t ,  t h e  f a c t  t h a t  '2,ccCR f o r  d s m a l l  c a n  b e  proved a s  f o l l o w s .  D e f i n e :  
G = E, n C, and a = jEw - C r /  
3 7 8 
and c h  o s e  F  = (I-u)-'"G ( t h a t  is, F i s  c o n s t r u c t e d  by expanding G , w i t h  a  c o e f f i c i e n t  
- > 1 1 .  C l e a r l y ,  I F I  = 1 . S i n c e  a +-0 a s  w + 0 , it  i s  c l e a r  t h a t  when 18, 
s m a l l ,  by means o f  a  s u i t a b l e  t r a n s l a t i o n  F  + F we o b t a i n  e v e n t u a l l y  a n  a d m i s s i b l e  c o n f i -  
g u r a t i o n  i' c CR , whence 
On t h e  o t h e r  hand, t h e  d i f f e r e n c e  h ( E t i , )  - .f,(i) c a n  e a s i l y  b e  e s t i m a t e d  from below by t h e  
q u a n t i t y :  
[ I  - (1 -a)-'I3] J l o p c l  + c 0 n s t . a  + c o n s t . '  a'" 
R 
Now, from t h e  Tay lo r  expans ion  o f  t h e  c o e f f i c i e n t  between s q u a r e  b racke t s ,we  c o n c l u d e  t h a t  
y,(E,) - j , (F)  > 0 i f  a  is p o s i t i v e  and small, which would c o n t r a d i c t  ( 7 ) .  T h e r e f o r e ,  
f o r  u s m a l l  enough, a  must  b e  0  , s o  t h a t  t h e  c o r r e s p o n d i n g  s o l u t i o n  E, i s  c o n t a i n e d  
i n  Cr cc  CR . 
I n  c o n c l u s i o n ,  w e  remdrk t h a t  t h e  p r e c e d i n g  argument,  when used i n  c o n n e c t i o n  w i t h  gene- 
r a l  r e g u l a r i z a t i o n  techniques, 'O a l l o w s  t h e  proof  o f  t h e  a n a l y t i c i t y  o f  t h e  s o l u t i o n  E, as 
w e l l .  
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